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ANALYSIS OF THE FLEXURAL VIBRATIONS OF A
BEAM DUE TO THE MOTION OF A LINE LOADY
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(Received 1 July 1994)

An analytic solution of a model problem of the flexural vibrations of a beam on an elastic Winkler foundation due to the front
of a line load which moves along it is constructed. Quantitative results are presented for the special case when the velocity of
the front is constant and the lincar load is a step function. It is shown that a critical velocity of motion of the load exists and
that, when this is exceeded, the elastic vibrations increase considerably. In this case, the dynamic range of defiection of the beam
may be more than twice the magnitude of the displacement under the corresponding static load. The value of the critical velocity
is determined by the mechanical properties of the beam and foundation and can be calculated using the ideal theory of an infinite
beam. The amplitude of the deflection wave on approaching the critical velocity becomes larger as the length of the beam increases.

The analytic solution of a model problem of the flexure of an infinite beam lying on a continuous
homogeneous elastic foundation due to a concentrated load moving along it at a constant velocity is
well known [1, 2]. This solution is constructed in the form of a travelling wave and it has been shown
that a critical velocity of the motion of the load exists and resonance amplification of the wave occurs
when this velocity is reached.

1. FORMULATION OF THE PROBLEM

Consider a beam on an elastic base. A source of a line load with constant intensities Q; and Q, before
and after the source, respectively, moves along this beam according to the law x = x,(t), x.(f) = V. It
is assumed that the cross-section and the modulus of elasticity E of the beam are constant and that its
ends are free. According to Winkler’s hypothesis [3], the reaction of the elastic foundation r is propor-
tional to the deflection u(x, ¢) of the axis of the beam: r = —ku, where k is the stiffness of the foundation
or the bedding coefficient [1].

In order to generalize the problem, we shall assume that the decay of vibrations in an elastic system
is due to an internal resistive force F¢ which is proportional to the rate of displacement of the beam:
Fy = —mdu/ot, where 1 is a coefficient of proportionality which characterizes the internal friction. It
is supposed that, up to the engagement and start of the motion of the source at the instant of time
t = 0, the beam is at rest and undeformed. The differential equation of the curved axis of the beam,
together with the boundary and initial conditions, then takes the form

o’u 9’ (EJ 9
'”3,';""3—)‘7(7) ’“‘"‘T\é:'= F(x.1) =[QyO(x. ~ x)+ QO(x - x,)10(?) (1.1)
x=0, x=0l: uy=u,,=0; u(x,00=0, ufx,00=0 (1.2)

where x is the longitudinal coordinate, J and / are the moment of inertia of the planar cross-section of
the beam and the length of the beam, respectively, m is the mass per unit length of the beam, R is the
radius of curvature of its curved axis and O is the Heaviside function. If the treatment is confined to
small deflections, we can put 1/R = u,,.

2. THE SELF-SIMILAR SOLUTION

If the velocity of motion of the source is constant and the length of the beam is infinite, the self-
similar variable § = x — V¥ can be introduced and we can put u(x, £) = f(€). From (1.1) and (1.2), we
then obtain
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For simplicity, we shall neglect the losses of elastic energy, that is, we put | = a = 0. We obtain the
solution of (2.1) by matching the deflections ahead of the source and behind it on the travelling wave
front (§ = 0). Conditions for the smooth matching of f up to the third derivative must be ensured [3].

We denote the self-similar solution, corresponding to q; = 0 by 8(&,)fy, where fy = Qy/k. From (2.1),
we then find

_]e*®, §&=0
ﬁ(&)—{H 6-E), £E<0 (22)

0% (€)= -le;"l§ tcosBE + o’ -p* sin Bg
2 20f
2 2 y2
_mV2-ViL o mVEAVE] o 4kET
v 4E] ' m®
This is valid for V' < V.. When V — V,, we have o — 0, §(E,) - o, if & 2 0. If, however, V>V, a
self-similar solution does not exist.
We next analyse the deflection of the beam when g, # 0.

Theorem 1. The self-similar solution f when g; # 0 is expressed in terms of the normalized deflection
of the beam when & when g; = 0 according to the formula: (f - f;) = (fy — f)¥(), f12 Qvk.

For the proof, consider the function ¢ = f - fi. From (2.1), we obtain 2b¢" + @°¢ + ¢" = (go —
q1)S(-E), that is, the problem with Q; # 0 is reduced to the previously investigated problem when Q,
= 0 but with Q, replaced by Gy - Q;.

It follows from the theorem that f(€) + f(—&) fo + i, 0) + (fy + f)/2.

A plot of the analytic solution is shown in Fig. 1, where f = (f— f)/((fu - f1), & = V(m/(AEN)V.E.
Curves 1-3 correspond to values of V/V, equal to 0, 0.9 and 0 99, respectively. It is clear that the
normalized deflection §(£) — 1/2 is an odd function of £. The external values 9., which are attained at
the points &,, are distributed according to the law

B&ij.) =arctg(B/a)-mj <0, j=12,3,...

BED) =1+ Y(-1)'* exp(a& )1+ B/ a)* ) (2.3)

Fig. 1.
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When &, > 0, we have
=8 =2, BED)-8(0)=8(0)- 8L
The equality
ED =a(¥-j) (24)

holds in the case of a static load (V' = 0).

As the critical velocity (V = V) is approached, the expression on the left-hand side of equality (2.4)
tends to the limit n(1/2 — j)N2. As the velocity V increases, the extremal points approach the source
(€ = 0). In view of (2.3), the distance between all the neighbourin%_extremal points, with the exception
of those closest to the source, is the constant quantity: | 0D — £ | = »/.

Forj = 1, we have | €Y, — O | = 2[xn — arctg(B/a))/B. As the velocity V increases, the distance
between all the neighbouring antinodes contracts to a value of n/[V(m/(2EN))V,]. At low velocities
v < v, the amplitude normalized values of the wave of the deflections 9, are close to unity, that is,
the static load approximation is acceptable. The effect of a dynamic load shows up most clearly when
V — ¥V, and, then, | 3, | — oo.

The distribution of the nodes of the flexural wave, that is, the zeros of the function 9() when
E>0: ﬁ(&g’) = 0, is traced in a similar manner to its antinodes. From (2.2), we obtain

ahp—

3. A BEAM OF FINITE LENGTH

A self-similar elastic wave exists for a source velocity V' < V, in the case of an infinite beam. When
the beam length is finite, this solution will be acceptable far from its ends, if of > 1, fl > 2r. When
these conditions are violated, the solutions must be investigated taking account of the reflection of elastic
waves from the boundariesx = 0,x = I

Theorem 2. The boundary-value problem (1.1), (1.2), which describes the vibrations of a beam with
an arbitrary moving line load F, can only have a unique solution for small deflections.

Proof. Let us assume that two different solutions exist. Then, for their difference, we have

mdu,, + ©Ou, + kdu + EJdu,,,, =0 (3.1)
du(x,0), Bufx,0=0
Su’'(0,)=8u"(0, =0, du”(,)=8u"(l,6)=0
Let us multiply Eq. (3.1) by 8u, and integrate with respect to x from 0 to / and with respect to ¢, from
0 to ¢, using the boundary and initial conditions. As a result, we obtain a relation from which it follows
that du = 0.
Since (1.1) is a linear partial differential equation with constant coefficients, its solution is conveniently
sought in the form of Fourier series in the eigenfunctions of the homogeneous (F = 0) stationary
problem. Formally, the solution can be found by the method of separation of variables

wxh= 3 X V®, FrD= 3 @eno) (32)

Substituting (3.2) into (1.1) and (1.2), we obtain an eigenvalue boundary-value problem for the
eigenvaluesy=v,(n =0,1,2,...).

A =Y MV, +MV, +(k+El)y, =0, (3.3)

x=0, x=l Y/ =4'=0;, t=0: v,=v,=0
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The general solution has the form

x(x) = Achyx + Bshyx + Ccosyx + Dsinyx; A, B, C, D = const

Using the boundary conditions, we obtain the characteristic equation chpucosp = 1, where p = .
The discrete spectrum (i = p,): p0 = 0, puy_; € [w(4k — 1)/2, 2rk], uy € [2rk, n(dk + 1)/2], k > 1.
If n > 1, then p,, ~ u; = n(n + 1/2).

When n = 1, all the eigenvalues are single.

If, however, n = 0, the root p is double and there are two independent eigenfunctions which corres-
pond to it. It follows from (3.3) that 4y = Gx + H, where G, H = const. One of the two eigenfunctions
can be set equal to a constant: yy; = Ay = const. The other (¥q,) is found from the condition that it
is orthogonal to ;.

It can be shown that all of the eigenfunctions j, which correspond to different eigenvalues g,
are orthogonal. On additionally imposing the normalization condition | (’)xi(x)dx = 1 on them, we
obtain

Xn(x) = AL[ChY,x + COSYpx — C(shY,x + siny,x)) 34)
C, = (chy,, — cosp,,)/(shy,, — sin,)
A, ={(1+ C2N, +(1- C2)Ny —2C, (N, + N} %

N, =l[sh2u,, +l]’ N, =l[sm2"ﬂ +_l_]

apn, 2 4u, 2
1~cos2p ch2p, -1
N —l 'l’ = 2 ’ =
T, M,
Xor(x)=Agy =1/l Xop(x)= Agy(1=2x171), Ay =+f371 (3.5)

. The eigenvalues p,, obtained numerically (» = 1) are: p; = 3n/2 + 1.76551 x 1072, pp = 512 -
77763 x 1074, u3 = /2 + 3.2712x 1075, py = 9n/2 — 1.9412 x 1075, f b, — m(n + 1/2) | < 6 x 10”7 when
n = 5. The coefficients A, and C, are presented below

n 1 2 3 4 s 6 7 8 9
ANT-1)x 10° 0 -1 -1 -1 -1 209 10782 9495 8493
(C, - D x 10° ~17498 m 34 1 -1 0 -1 0 -
n 10 1 12 13 14 15 16 17 18
ANT - 1y x 105 7666 6992 6427 5947 5533 5173 4858 4578 4329

IC,~ H<5-1077 when n > 10.

Plots of the eigenfunctions are shown in Fig. 2. In view of the double degeneracy of the least eigenvalue
Mo = 0, the number n = 0 which corresponds to it is labelled as 0, and 0,, for the first (xo;) and the
second (Yo2) eigenfunctions, respectively.
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Fig. 2.
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It is clear that, when n = 0., the eigenfunction is even with respect to the centre of the beam (x =
1/2) and does not have zeros. Subsequently, each eigenfunction following in number (0., 1, 2, and so
on) changes its parity into the opposite parity and additionally acquires some zeros.

Having the orthonormal basis y,,(x), to construct the solution of the general problem on the displace-
ments of beams, it is still necessary to find the coefficients of the expansion with respect to the basis
V,(?). It can be shown that, in the geneéral case for an arbitrary line load F(x, ¢)

! j K@ -1)®,(t)dt (3.6)

va(0)= miyglo

. siny,§, n=n,
K©)= “"( m C) X {shlw,,lc, n=n,

4 214
wﬁ[&iﬂ(_"u_{.’l__(_"_)] . wam=0

m 2m

I
®,()=] Fx,0,(x)dx
0

Next, in order to simplify the analysis, we consider the special case of the equilibrium motion of a source x, =
W&, V = const with a line load F(x, t) which differs from the corresponding quantity defined in (1.2) by the factor
B(¢) which takes account of the possibility of the disengagement of the load when the source leaves the beam at
the right-hand end: fi(f) = 1 if the load does not disappear when x, > I and B(f) = 6(] - x,) if the load is fully
disconnected when the source leaves the beam.

After calculating the integrals, we obtain

@ (1) = A (VG -0+ Q1) <t =1/V
e AgiBoQol. t=t,, n=0,

2
¢02(;)={A02’(Q0"Q|)('-t.) , =1,
0 t>1,, n=0,,
Qola(V) - a(0)]+ Q[a(D) - a(VD)), x, =1

®n(0)= {BoQo[a(l) -o(0)), xe3l, n>|

X
a(x)={ x,(x)dx+0(0)= A,[shy,x+siny,x—C,(chy,x-cosy,x)/Y,
0

where f = 1, if the load remains when the source leaves the beam and By = 0 otherwise.
For the coefficient vy, () of the expansion with respect to the first eigenfunction, we obtain

my oV (1) = Agy {(Qp ~ Oy My (5.0) + Oyl (5,0)+ BoQolL Iy (1,0) - Iy (5,0));
L(s.)=Q1(t-35)- ;)]

nQ Jl. (5.0 + Qs () +Q
my

. (
Ly, =| K(t-t)Vidt = vi(s-
0 |

(K(t-s)- K(m}

1
=0; 6(0)=—
n (0) 3

2!
s=10(t, - 1) +1.0(t-1,), 9={‘4’n[1+( n )]}
2my,

I()y=¢e (_l) ) M
11 XPi 2m cosy .t + zmw”

It is obvious that 0i(0) = 0. Next, when n = 1, we have a(l) = 0 since the constant is an eigenfunction and they
are orthogonal in the space L,[0, /].

The second coefficient of the expansion of the solution vg,(r) in the basis of orthonormalized eigenfunctions
%x(h) has the form

myovoz = Ag2(Qo — @)l lui(s, ) = I(s. O /1)
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Iy (s.)= | K(2=1XVe)2dt = Visl,, (s,) - x(s,1))
]

K(s.0)= [ Iy (Tt = V(s®, (5,1)~ Hy (5.1)- Hos,0))
0

]

®,(s.0)= l,(t,r)dt:()-{—sl“(t)+ LIS (J.t)+MJL;
0

my,

n

s 2 \
Hy(s.0=] @, (t,ndr = n{‘Lll I (f)+—n—¢n (sn)+s X0 _ Nt
0 2 my, VY Va

The coefficients of the expansion v,,(f) when n = 1 are determined as

my,v,()=(Qy -0, );‘—"(lz(s,m I3 (5,0 = Col Iy (s.0) = 17 (5.)]}

L(s.)= (=l (=Vot =) Y 4 Iy (<V,0) = Ly (+V,1) # Iy (+V,1 - 5)eT¥S),

2y,

a( V) = —-—-TI +hY..
2my, YV,

expl-nt/(2m)]

In (V.=
2V az(V)+l

[cosy ¢ +a(V)siny, 1]

1
L{(s,t)=
1(s5.1) 2y

{122(-v,:-s)e'7~"-' ~Ip(-V.)+ Ly (+V - 5)e™V _ 1, (+v.:)}
n

I3(s,t)= [l*(s,t)cosy,,Vt t I;(s,t)sin‘y,, Vil y,

IE(5,0) = [c®F (5,1) FdD (5,0)]/ (c? +d?)
2 2
o B (O B R £
2"‘“’»1 WV, zm‘Vn Ya
(s, 0)=¥E(t-5)-Wi(r)

F t
‘l’t(t)=exp(—%)+[tai(t)cosv,,t+Y"Va (')i(‘;‘/(zm))a (')sinv,',t]

a*(t)=cosy,Vt, a~(t)=siny,V

The analytic solution obtained above is quite complex, and certain special cases can be considered. They are
useful for testing the analytic and numerical calculations of more general problems. Let the load be homogeneous:
Qo = Q1. If we denote the corresponding solution by u(x, ), then v,(t) = O when n = 1, vgz =0 and

myoVoy = Aoy -1 Qo {Body (1,0)+(1-Bo) i (5,0)}
ug(x,1)= folU(p)-U(1)]

T:I’o sin(wot):lexp(-—-g%)

uw =[cos(\|l0t)+ o

wherep = (1 - Bo)(r ~s); s = twhent <t,,s =, whent = ¢, and f = Qy/k is the amplitude of the elastic wave.

It can be shown that the solution of the general problem in the case of an inhomogeneous line load Qo= Q)
will tend to it with time.

In the calculations5 unless otherwise stated, we have taken V/V, = 0.73; Oi1=0,n=0; EJ/(kl‘) = 1.16 x 10‘6;
mV }(ki®) = 2.2 x 107°. The calculations showed that it is sufficient to use 15-20 terms of the series (3.2).

The effect of the parameter 1, which characterizes the internal friction of the elastic medium, on the displacement
of the beam is shown in Fig. 3. Here, V/V, = 0.5 and B, = 0. The dependence of the deflection on the longitudinal
coordinate x and on time ¢ is shown respectively, for 4/l = (1 + 2 x 107*V/1)/3 and for the middle part of the
beam (x = [/2). Curves 1 and 2 correspond to values of the parameter 7] = n//mV of 0 and 10, respectively. When
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1 ~ 10, the deflection u is significantly smoothed out, approaching the static deflection when u = f; at a sufficient
distance in front of the source and u = f; behind it. The amplification of the vibrations when V#/l = 1 is due to the
removal of the load when the source flies off with it. If 7} is of the order of unity, the calculated curves are close
to those for deflecticns of a beam when there is no friction (n = 0).

Figures 4 and 5 are representations of the deflection as a function of the different modes of the front of the
load, “subsonic” (V < V), “transonic” (V = V) and “supersonic” (V > V). Curves 1-3 correspond to values of
ViV, of 0.5,1.0 and 1.5.

Figure 4 shows the: dependence of the deflection on time. The solid curves correspond to 3 = 0 and the dashed
curves to fy = 1.

The distribution of the deflection along the beam is shown in Fig. 5. It is seen that, regardless of the acceleration
mode, the maximum deflection of the beam is found behind the load front. On changing to “supersonic” conditions,
there is an increase in the amplitude of the elastic wave. It may be more than twice the magnitude of the displacement
of the beam under static loading. The displacements ahead of the front are an order of magnitude or more smaller
than the deflections behind it. Under supersonic conditions, the deformations in front of the source are reduced
considerably. However, intense vibrations now occur behind it. An unlimited increase in the amplitude of the elastic
wave on attaining the critical velocity, which is predicted by the self-similar solution, is not observed.
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